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ABSTRACT: In this paper, we find the necessary and sufficient condition of holomorphic map-germs under 6®-equivalence
(relative right-equivalence) where @ is the module of holomorphic vector fields on (€™, 0). Also, we give some results on finite relative

determinacy and relative stability.
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1. INTRODUCTION

One of the central problems in singularity theory is the
classification of function-germs up to changes of coordinates
in the source preserving a sub-germ. Since 1970's, Arnol'd,
Bruce and many others have made significant progress in the
study of this type of equivalence relations. (See for examples
[1, 2,3,4,5].

In [6], we introduce a new version of equivalence relation of
holomorphic function-germs which called ©*-equivalence
where ©® is the module of holomorphic vector fields on
(€™, 0) such that every vector field in ® can be integrated to
give a deffeomorphism. When © is the module of all vector
fields on (¢™,0). Then ©%-equivalence is just the standard
right-equivalence  (R-equivalence). In addition, ©%-
equivalence is just v®-equivalence when @ is the module of
vector fields tangent to a variety V < (™.

In the present paper, we give more results of ©X-
equivalence as criterion for holomorphic function-germs,
relative finite determinacy and relative stability.

2. PRELIMINARIES

In this section, we give some basic notation and preliminary
results which will be used throughout this paper, for more
details see [7], [8] and [9]. Let O, be the local ring of all
holomorphic function-germs (€™, 0) — €. This ring contains
a unique maximal ideal, denoted by
M, = {f € 0,]£(0) = 0}. We denote by OF the set of all
holomorphic map-germs (¢™,0) — (¢, 0). We put 09 =
M, 0L. The group of all automorphisms (¢™,0) — (¢%,0) is
denoted Aut(C™, 0). Any map-germ ¢:(C", 0) - (C",0)
induces a ring homomorphism ¢*: OF — O by ¢*(h) = h¢.

If f € 0,, then j*f will denote the Taylor expansion up to
degree k of f at the origin. The set of all k- jets forms a
vector space J¥(n,1) = gﬁo—ﬁﬂ and m,: 0,, - J¥(n,1) is the
canonical mapping which assigns j¥f to each f. Given
k,p € N with k > p, we denote by T ,:J%(n,1) - J?(n,1)
the natural linear projection of J¥(n, 1) to ] (n, 1).

Lemma 2.1: [7, Nakayama's lemma]

Let R be a commutative ring, M an ideal such that for
X €M, 1+ xisaunit. Let C be an R-module, A and B be R-
modules of C with A finitely generated. If A c B+ M. A,
A CB.

Lemma 2.2: [7, Mather's lemma]

Let the Lie group G act smoothly on the manifold M, and

suppose that the connected submanifold S satisfies:

i forallx € S, T,.S c T,G.x,

ii. the dimension of G. x is independent of the choice of
x €S.

Then S is contained in a single G orbit.

Theorem 2.3: [8]

Let ®:G x M — M be a smooth action of a Lie group G on
a smooth manifold M. It is assumed that all the orbits are
smooth submanifolds of M. For any point x € M the natural
mapping @,: G — G.x of the group onto the orbit given by
g — g.x is a submersion and the tangent space T,G. x is the
image under the differential d®,:TG4, — T,M, ie.,
TG.x = d®,(TGq,,).

Theorem 2.4: [9, Artin Approximation Theorem]

Let f(xxJ’) = (f1(x:}’): ---fo(x:}’)) € ¢{X:Y}Nl where
x = (%4, ..., %) and y = (y4, ..., ¥y). Suppose that for each
k € N there exist yy 1, ..., ¥i,n € My, such that f(x, yi (x)) €
MK+L for each i. Then for any ¢ € N there exist y,, ..., yy €
M, such that f(x,y;(x)) = 0 and for all A, we have

yk,v(x) - yv(x) € i]ﬁfl
3. @®-EQUIVALENCE OF FUNCTION-GERMS

In this section, we give the definition of ®@%-equivalence on
0% and J*(n, 1).

Definition 3.1:
Let ® be a module of vector fields on (€™, 0). Then

i. We define

ii. R =

{p € Aut(C€™, 0)|3 ¢ € O that can be integrated to give ¢}.

iii. For each non-negative integer, we define %" =
{/*olp 0™}
Definition 3.2:[6]

Suppose that f, f:(¢™,0) — (¢,0) are holomorphic
function-germs. Let ® be a module of vector fields on
(¢, 0).

i.  We say that f and f are ©%-equivalent (or relative
right-equivalent), in short f~g= f, if there exists
€ 0% such that f = f o ¢.

ii. We say that j*f andj%f are @%“-equivalent, in
sho~rt f~&x f. if there exists ¢* € 0% such that
Jf = j*f o 9"
Theorem 3.3:
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Suppose that f, f:(¢™,0) — (¢,0) are holomorphic
function-germs. Let ® be a module of vector fields on
(€™, 0). Then f~kx f if and only if there is some g € M,

such that f~g= (f — g).
Proof.
frenf & Jf = j*foo"
e j*f=j o j*e
e j*f—j fejfo=0
s j(f-fep)=0
o f-fopem
& f—fop=ggem "
= f-g=fepgem "
& f~or (f — 9). O

Definition 3.4:[6]

Let f:(¢™, 0) — (¢, 0) be a holomorphic function-germ and
let ® be a module of vector fields on (¢, 0).

(1) The extended ©%®-tangent space, denoted by
T gz (h), is the submodule of O, given by

Tore(f) =<$(f)IS €6 >,

We also call the Jacobian of f with respect to O,
denoted by Jo ().

(2) The ©*-tangent space, denoted by Tg=(f), is the
submodule of 0,, given by
Tez(f) = <$(f)IE € ©N M0y >
(3) The ®®e-codimension of £, is defined by
V)
ORe — cod(f) = dimg ———.
)= dmeg

Remark 3.5:

(1) If all elements of ® vanish at the origin, then
T@)R(f) = T@Re(f)-

(2) Suppose that © is the set of all vector fields on
(C™,0). Then @%-equivalence is just the standard
right-equivalence (R-equivalence). For more details
see [8].

(3) If @ is the module of tangent vector fields on a sub-
germ (V,0) c (¢, 0), then ©%-equivalence is v*-
equivalence. For more details see [2], [3] and [4].

4. AN ALGEBRAIC CRITERION OF 0%
EQUIVALENCE.

Definition 4.1:

Suppose that f, f:(¢™,0) - (¢,0) are holomorphic

function-germs. Let ® be a module of vector fields on
(€™, 0). We say that the tangent spaces T gz (f) and Tz (f)
are @®-equivalent, denoted by Tgz(f) = Tozr(f) if there
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exists a map-germ ® € Aut(¢",0) such that Tg=(f)) =
" (Tgr(f))-
Lemma 4.2:

Let ® be a module of vector fields on (C",0). Then
T,q0% = m,(0 N M,0M).
Proof.
Letn € m (O N M,0F). Thenn = j*& with & = 37 15’3
0 N M,O0%. Consider the one-parameter family ¢, of ¢, |t is
clear that ¢, = Id, ¢, € ®% and %(x) = &(p¢(x)). We
define

a(t) = j* e (x): (—&,8) — OF".

Then we can see that «(0) = Id and

a(0) = _[] (Pt(x)]|t 0
_ x[00
_]k [ at (x)]|t=o
= j*¢
=1 € T;40%"

Conversely, given & =3Y" 1513 eT,d@R. Then there

exists a(t): (—¢, &) — ©F° with «(0) = Id and &(0) = ¢&.

Consider @;(x) = a(t)(x) =x +t&(x). Then @.(x) €
0%“and it follows

£ € (0 N IM,0M). O

Lemma 4.3:

Let f:(C™ 0) — (¢, 0) be a holomorphic function-germ and

let ® be a module of vector fields on (€™, 0). Then the
tangent space T . (f) to the 0% _orbit of j*f at the point
given by
(T 2k () = Tor(f) + M+t
Proof.
From Lemma we have T;;0%° = m,(0 nM,0). Let
nETL0% Dbe a tangent vector, n=j%¢ with &=
?=1fiaixi € 0 NM,05. For € R, we define &, = Id + t¢.

If we consider T, o 8;: (—¢, €) — O Then

T@Rk = dq)jkf (Tld@Rk)

d
= dt[nk(f 6t)]|t =0

= [ oo 80

[t=0

= [}ﬁf( ”%)]
[t=0
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3 [Z;’—;(x)fi (x)l

= T[k[TG)R(f)]
Hence,
W (T w2k () = Tex(f) + M+ o
Theorem 4.4:
Suppose that f,f:(¢"0) — (¢,0) are holomorphic

function-germs. Let ® be a finitely generated O,-module of
vector fields on (¢”,~0). If f~’g)Rf for each non-negative
integer k, then f~gz f.

Proof.

For each non-negative integer k, we have f~’(f)Rf. Thais
means, there exist (£%, ¢*) such that

60 = F(9* () € M,
2% (x) — (9" (1)) € W<,

Then by using Artin approximation theorem, the above
system has a convergent solution (&, ¢) such that

f) - fle() =0,

do _
3¢ @ —$(e@) =o0.

In addition, we have ¢(x) —¢@*(x) € M,> It follows
¢ € Aut(¢",0). O

Theorem 4.5:

Suppose that f,f:(¢"0) — (¢,0) are holomorphic

function-germs. Let ® be a finitely generated O,,-module of
vector fields on (C¢*0). If j*f— j*f € T o2k (f) =

T@Rk(f), then f~Kz f.

Proof.
Suppose that F,(x) = f(x) — t(f(x) — f(x)). Then we can
seethat F, = fand F, = f.

For all t € C, T@Rk(Ft) is a finitely generated submodule of
0, with a system of generators m4(t),..,m,.(t) and
m;(t) = Y7, a;;(t) m;(0). Let A(t) = [a;;(t)], thenup to a
finite number of values that are the zeros of det(A(t)), A(t)
is an invertible matrix and for every point te U= (—
{ts, ..., ts} we have T i (F,) = TORk(f).
Now we need to use Mather's lemma.
Q) we can see that U is open and connected in (.
Hence, Qy = {j*F, € J*(n,1)|t € U} is open

and connected submanifold in ]*(n, 1) and then
dim T@Rk (F,) is independent of the choice of

j*F, € Q.
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(ii) we can see that j*f— j*f € T (f) =
T oz (F) for all j*F, € Qy. Therefore, we have
that TeQy S T g (F) for all j¥F, € Qy.

The hypotheses of Mather's lemma are satisfied and then Qy
. . . . k . x
is contained in a single ©% -orbit. Hence f~’(f)gg f.
O

Theorem 4.6:

Suppose that £, f:(¢™0) - (¢,0) are holomorphic
function-germs with f — f € Tgz(f). Let © be a finitely
generated O,-module of vector fields on (€™, 0). Then f and
f are @%-equivalent if and only if Tgz (f) = Tor (f).

Proof.

Suppose that f and f are ©%-equivalent. Then there exists
vector field ¢ € © that can be integrated to give a map-germ
@ € Aut(¢",0) suchthat f = f o ¢.

By Chain Rule we have that
n
6(f°<p)=za<pi(af o(p)
axi = axi ax]
_ <af af ) D
~ \ox, "’""’axn ®)-2e

where D¢ is the Jacobian matrix of ¢, which is invertible
since @ € Aut((",0). It follows that Tg=(fo@)=

9" (Toz(f)), ie., Tor(f) = @*(Ter(f))

Conversely, suppose that Tz (f) and Te,ye(f) are OR-
equivalent. Then there exists ® € Aut(€", 0) such that
O (Tez(f)) = Tz (f).

By replacing f by f o ® we may assume that Tgz(f) =
Toxr(f) holds. For each non-negative integer k, we have
T 2(f) = T ox(f) and from Theorem4.5 we get f~exf.

Then that f~gx f.
O

5. RELATIVE FINITE DETERMINACY
Definition 5.1:[6]

Let f:(C" 0) - (¢, 0) be a holomorphic function-germ
and let ® be a module of vector fields on (€™, 0). We say that
f is k-0%-determined if f is ®®-equivalent to any map-germ
g: (€, 0) > (¢,0) such that jkf =jkg. If f is k-OR-
determined for some k, then f is said to be finitely ©%-
determined.

Theorem 5.2:

Letp and k be non-negative integers withk < p. Let
f:(C™,0) - (¢, 0) be a holomorphic function-germ and let ®
be a module of vector fields on (¢™,0). If f is k-©%-

from Theorem4.4 we have

determined, then
MEHL © Tor(f) + MO
Proof.
Let Q={ze]’(n1)|n,,(2) =m,,(jPf)}  where

T, i )P (1, 1) - J¥(n,1) the natural linear projection. We
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have that Q is an affine subspace of JP(n,1). It follows,

TivpQ =, (MEH).

By hypothesis f is k-©%-determined it follows Q a subset of

the ©*"-orbit of j7f. Therefore, T;p ;0 € T _zp(f) and this

implies that
ML © 1, LT g2p (F)) = Tor(f) + My

O

Corollary 5.3:

Let k be a non-negative integer. Let f: (€™, 0) —» (¢,0) be a

holomorphic function-germ and let ® be a module of vector

fields on (¢*0). If f is k-©0%-determined, then
M+t < Tor(f).

Proof.

Since f is k-O@R-determined. Then ., (f) is k-@R“
determined. By using Theorem 5.2 with p = k + 1, we obtain
MmE+l c Tor(f) + M2,
that

lemma, it follows

ML Tor(f).

By Nakayama's

6. RELATIVE STABILITY

Definition 6.1:

Let f: (€™, 0) - (¢, 0) be a holomorphic function-germ and
let ® be a module of vector fields on (€",0). Let U be a
neighbourhood of 0 in ¢™ with Oy(f) = {g € O, lfiy = g1u} -
We say that f is @R-stable if f is ®%-equivalent to any
function-germ g € Oy(f). In other words, if the ®*-orbit of
f contains Oy (f).

Theorem 6.2:
Let f: (€™, 0) - (C,0) be a holomorphic function-germ and

let ®={Ej}jr:1 be a finitely generated O,-module of vector
fields on (C™,0). f is ©®-stable if and only if ©%e —
cod(f) = 0.

Proof.

See the proof of Theorem 1.3 in [2]. It is only necessary to
replace the tangent space E(f) by our tangent space T gz, (f).
[m]

Definition 6.3.[6]

Let ©; = {Ej}]ril be a set of vector fields on (¢™,0),
i = 1,2. Then the product of ®;and ©,, denoted®; X ©,, is
the set of vector fields on (¢t x ¢"2,0 x 0) define by
0, x0, ={&,... 8,8 .. 82}
Definition 6.4.[6]

Let f:(¢™,0)- (¢,0) and  f:(¢™2,0) - (¢,0) be

holomorphic function-germs. We define the direct sum
fOF (@ x0™,0%x0)->(¢0) by (F&NHxY) =
fG) +fO).
Theorem 6.5.

Let©; = {E}}]Zlbe a finitely generated 0,,-module of vector

fields on (¢™,0), i=1,2. Let f:(¢",0) - (¢,0) and
f:(€"2,0) - (¢,0) be holomorphic function-germs. Then
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f @ fis 0, x 0,%stable if and only if f is ©,*-stable or f
is ©,%-stable.

Proof.
We have
0, x 0,%¢ — cod(f @ f) = dimg Tttt
T(alx@zﬁe (f > f)

On1+n2

= dimg e ee@x0)>

0n1+n2

<& () By (DEE ()2, (F)>

= dim¢

From [10], page 181, we can see that

On1+n2
<8, D ED, () >
PGIGINEAGE
Onz

R ()

It follows, we have that
0, X G)ZRE - cod(f &) f)

o
= dim¢ et

<&, -, &) >

Onz
® &) -8 (f)))

On,

. . On,
dimg <<§%(f).....§%1(f)>) -dimg (@%(f),---,z%z(f)))

=0%e — cod(f).0%e — cod(f).

O
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